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An algorithm developed for studying the time evolution ofakly entangled one-
dimensional (1D) quantum systems is extended to simulathastic classical systems.
The accuracy and applicability of the algorithm are examhinging a number of classical
1D lattice models, which are interpreted in terms of velactrdaffic. Notably, the algorithm
is successfully used to describe time evolution away fraady-state. Such situations are
difficult to simulate using current methods. Thus the alponi opens up new possibilities
for studying the dynamical behaviour of stochastic cladsigstems.

I. INTRODUCTION o p B

Traffic jams are a problem that many of us face daily. Site: 1 2. i i:l M
A 2007 report estimated that the average American
spends 38 hours a year in traffic, costing $78 billion[1]. FiG. 1: The TASEP is a typical stochastic non-
Such impacts have created a demand to understand ancgquilibrium system. Particles are injected into the 1st
if possible, control vehicular traffic and its phenomena. site with raten if it is empty and ejected from thié-th
Scientific interest in traffic has grown considerably over site with rateB if occupied. Particles in thieth site hop
the last two decades, partly for the above reason andio the (i -+ 1)-th site with a ratep if that site is empty,
partly due to the development of large-scale computer resulting in flow from left to right.
simulations|[2].

Early scientific approaches to traffic concentrated on , _
macroscopic methods. One such method was to modelple _par_t'de hopplng sygtems are _archety_pa_l of non-
traffic as a fluid, constructing Navier-Stokes-like equa- equm_brlum phys_lcs. Unlike equilibrium statistical me-
tions to describe its flow[3]. Another method treated chanics, there_ s no compl_ete framevyork to under-
traffic like a gas of interacting particles, describing it stand non-equmb_rlum be_hawou_r, especially away from
by modifying the kinetic theory of gasses[4]. Recently S'Feady-state, which motlvate§ |t§ study. Pa_rtlcle hop-
the focus has been on microscopic approaches, of whichP'n9 systems alsq hav_e applications to vehicular traf-
particular attention has been paid to the NaSch modelf'c_ row[§, 7'_15]’ biological transport[16-19] and other
and its extensions[5]. In these, vehicles are describeddnven diffusive processes|8].
as particles moving on a lattice, with time, speed and A combination of analytical results[8] and Monte
acceleration discretised. The location, speed and accelCarlo simulations[6, 16, 20] have been used to inves-
eration of each particle is updated at each time-step ac-tigated these systems. Exact steady-state solutions for
cording to a set of probabilistic rules. These systems aremany simple models have been found, including the
studied using Monte Carlo methods, which obtain sta- TASEP[21]. The steady-states may also be calculated
tistical properties by averaging over a large number of numerically using the density matrix renormalisation
simulations. Models of this type have been successfulin group (DMRG) method[22, 23] (see [24] for a recent
reproducing steady-state features of real traffic systems,review). In 1998 Hieida used the DMRG to determine
such as phase changes and self-organised criticality (seéhe steady-state of the TASEP[25]. Excellent agreement
[6, 7] for reviews). with the exact analytical solution was found. Since then,

Another approach, which | took in this project, is to Others have applied the DMRG method to more compli-
apply models from stochastic non-equilibrium physics. cated systems with similar success[26, 27].
These so-called particle hopping systems have the fol- However, these methods can only be used to study
lowing features: particles occupy a 1D lattice; the steady-states. For a complete understanding of these
boundary sites are connected to particle reservoirs, somodels and the phenomena they hope to describe, a
particles are injected and ejected there; and a hoppingmethod is required to investigate the time evolution
process causes particles to move through the lattice (se@way from steady-state. There have been few successes
[8, 9] for a review). The quintessential example is in simulating time evolution using Monte Carlo tech-
the totally asymmetric exclusion process (TASEP)[10— niques; it took until 2008 for the time evolution of the
13], shown in Fig. 1. Like the Ising and Heisen- TASEP to be studied, under restricted conditions[28].
berg models of equilibrium statistical physics[14], sim- Thus there is a need for a numerical method that can do
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this. tails of the models and exact analytical solutions of the
In this report | introduce such a numerical method TASEP are contained in the appendices.

to simulate time evolution, as well as steady-states.

| demonstrate that efficient, near-exact simulation of II. THE TEBD ALGORITHM

stochastic classical systems is possible, by applying it to

traffic flow. The method is an adaptation of a numerical A program that implements the TEBD algorithm to

scheme, originally proposed in 2003 to classically sim- simulate the time evolution of quantum systems was

ulate quantum computations, called the time-evolving provided by S. R. Clark and D. Jaksch. The code is

block decimation (TEBD) algorithm. It was shown that not presented here. Instead | outline, in principle, how

efficient near-exact simulation is possible for weakly the TEBD algorithm works to give an idea of its fea-

entangled computations[29]. Soon after this, the algo- tures and errors. The resources required to classically

rithm was extended to simulate the time evolution of 1D describe a quantum state exactly increase exponentially

quantum lattice systems, provided entanglement is suf-with system size, as will be shown presently. Expo-

ficiently restricted[30]. A key feature of the TEBD algo- nential growth of resources is called “inefficient”, while

rithm is that the system’s most relevant degrees of free- growth as a low order polynomial is “efficient”. The

dom are identified and kept, while those less relevant areTEBD algorithm simulates the time evolution of a quan-

neglected. This is achieved by representing the quan-tum lattice system efficiently. It does this in three key

tum state by a product of matrices[31, 32], which are steps: (i) the state of the system is described approxi-

updated according to the evolution of the system. This mately; (ii) at each time-step the state is evolved; and

matrix product representation (MPR) of the states al- (jii) expectation values are calculated. In the next sub-

lows the identification and truncation of unimportantde- sections | describe how each of these processes can be

grees of freedom. This prevents the exponential growth done efficiently and to what accuracy.

of computing resources required to represent the quan-

tum state, and thus allows simulation using a classical

computer. A more detailed description of the algorithm A. Description of the quantum state

will be given in later sections. For a broad class of 1D

quantum systems it has been shown that entanglement  The quantum system to be simulated is composed of

is sufficiently restricted such that only a small number \ sites in a 1D lattice. Each site has a Hilbert space of

of degrees of freedom are required to approximate the dimensiond. Hence the state of each site can always

system well[33-35]. Consequently, a wide range of 1D pe written as a superposition of a setcbbasis states

guantum systems have been successfully simulated byl 1), wheret = {0,1,...,d — 1}. The full Hilbert space

the algorithm, including spin chains[30, 36] and Bose- of the system is the tensor product[38] of the Hilbert

Hubbard models[37]. To my knowledge the algorithm spaces of each site, and thus has dimensi¥n It

has not yet been applied to classical systems. is spanned by the™ products of the site basis states
The motivation behind this project is to provide |T) = |11) |T2) ...| Tm), whereT = (T1 T ... Tm)- This

a numerical tool for studying the dynamics of non- means a general state may be written as

equilibrium systems, about which little is currently un-

derstood. The eventual goal is to extend the algorithm (W) =5 1), (1)

to investigate a range of classical systems and their phe- t

nomena. Accordingly, | focus on how the algorithm a4 js described completely by ti¥ complex numbers

works and how it can be adapted to classical systems.c  This number increases exponentially wih and

Later sections show that this is possible in practice by pighlights the problem that an exact description of the
testing the algorithm with simple traffic models. Sec. Il giate is inefficient. As a result, it is only possible to
contains an overview of how the TEBD algorithm is  gjmulate small systems exactly.

able to simulate quantum systems and calculate their  ~qnsider a splitting of the 1D lattice into two sub-

properties. In Sec. lll, | introduce the class of stochas- systems, one consisting of sites ktand the other con-
tic classical systems that | will study, highlighting their  (4ining sitesk + 1 to M. By performing a Schmidt de-

mathematical similarity to qu.antum systems. Sec. IV composition (SD)[38] of the state vector Eq. (1), it is
outlines how the TEBD algorithm was adapted for the always possible to write

guantum case and difficulties in interpreting the method. B X NG

In Sec. V, | test the TEBD algorithm’s performance by W)= vkzl Vi

fic models. Sec. VI concludes the report and | propose Similarly to Eq. (1), this is simply the state written as a
a range of extensions to the models and algorithm. De-superposition of product basis states. In this case Eq. (2)

classical systems, focusing on the differences from the
(p{/i...k]> ‘(ngJrl...M]>' @)
simulating both steady-states and time evolution of traf-
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is written in terms of the two subsystems rather than This has a very useful interpretation. Each site has a
the M sites. The\l are called Schmidt coefficients. matrix Al assigned to it, dependent on which physical

They are real and non-negative and their squares sunrasis state it is in. The coefficierdsare found by mul-

to unity, satisfying normalisation. As a resa@(t)\\[,t])z} tiplying these matrices together and turning this into a

, TR 1.K complex number by taking the inner product with two
's & probability distribution. The vector‘sp{,k > and boundary vectorgL | and|R). The dimensions of the

‘cp[,f*l""v” are called Schmidt vectors and they provide i-th site matrices aréxi_1 x X;), revealing the relation-

an orthonormal basis for each of the two subsystems re-Ship between the SDs and the MPR. The state is exactly
spectively. The limit of the surg is called the Schmidt ~ described by the entries of the matrices. This descrip-
rank and takes the value of the dimension of the smallesttion still scales exponentially with system size, as the

subsystem, i.exx = min(d,d¥-). The Schmidt coef-  largest matrices will have dimensiofg/ x d"/2).

ficients are ordered such thb[f] > }\[zk] > )\[3"] etc. and Reo!ucing the resources r_equired to despribe the state
eworks in the same way as it does for a single SD, by

so the degrees of freedom to which they correspond ar : _
truncating the unimportant degrees of freedom. Trun-

ordered from most to least important. _ _ , _ _

The unique measure of the entanglement be- Caling the SDs to a maximum Schmidt raakis equiv-
tween the two subsystems, satisfying reasonableale”t_ to limiting th(_e number of rows and col_umns of the
requirements[33], is _rnatr_lce§ toa maximum ofe- The error of this approx-

Y |mat|on_|s the weight of the neglected Schmldt coeffi-
E=-Y ()\\[/IE])2|092()\\[;])2. 3) cients, i.e. the sum of those neglected divided by the
V=1 total[30], and this can be measured. The dimensions of
the matrices no longer scale exponentially with the sys-
tem size. The maximum number of entries in each ma-
trix is x2 and so the amount of resources required to de-
scribe theMd matrices, and thus the statedigMdx3).
It follows that the truncated MPR is an efficient and ac-
curate way of approximately describing the state, if en-
tanglement is weak.

This is also the Von Neumann entropy of the subsystems
and the Shannon entropy of the probability distribution
{()\\[,'E])Z}[?)S]. The entanglement is maximal when the
distribution of Schmidt coefficients is uniform and each
degree of freedom is equally important. In this case it
is not useful to neglect any of the degrees of freedom.
It follows from the normalisation of the Schmidt coef-
ficients and the form of Eq. (3) that if entanglement is
weak then some Schmidt coefficients are significantly
larger than others. Due to the way they are ordered, this
means thak\[,'ﬂ decays quickly with increasing. In this
case the state is well approximated by neglecting the de-
grees of freedom that are unimportant due to their small
Schmidt coefficients. Only the most relevant part of the
decomposition is kept by setting

B. Time evolution

Time evolution of the state is achieved by operat-
ing on it with an evolution operator. An operation on a
sitei will transform the matrix for that sité\ [l away
from the optimally truncated MPR Eg. (5). Another
SD can be performed to bring the state back to an ef-
ficient representation. This can be done with a number
) = XZ )\\[/l:] Mik]> ‘(pg:+1...m]>’ @) of computations (dzxg)[z_g, 37]. Similarly, perform-

=1 ing a two-site nearest-neighbour operation and bring-
ing the state back to an efficient representation requires
0 (d*x3) computations. So applying one-site and two-
site nearest-neighbour operations on a system’s state can
be done efficiently while keeping the description of the
state efficient.

The evolution operator required to evolve a quantum
system with Hamiltonia for a timedt is e ™13, Con-
sider the time evolution of the state under a Hamiltonian

whereXe < Xk is the effective Schmidt rank, represent-
ing the extent of the truncation. The error of this approx-
imation (the loss of fidelity[38] in the language of quan-
tum information) is equal to the sum of the neglected
Schmidt coefficients[30]. For quantum systems such as
spin chains, a value ofe in the tens or hundreds usu-
ally approximates the state well. Compare this to the
. Y
g?nxgir;lga iaguoeaonﬁg(,d\;vr::lecnhslizg :/ 4 chc;; ?Srgggﬁftl%ys- with one-site term$i'l and nearest-neighbour two-site
. . : ’ termsh/(-i+1

demonstrating the extent to which truncation decreases ’
the resources needed to describe the state. M M-l Mo

By applying successive SDs for each of tke— 1 H=Shl4+ 5 htt = 5 el (6)
splittings withk = 1,2, ....M — 1, it is possible to write =1 =1 =1
the state as an MPR. By this it is meant that the coeffi- It is useful to write

cients of the state can be written as[29, 39] i i
F= HY, G=§ HUY, 7
cr = (L|AuplE  AMw Ry (5) eva O%i ()
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so that the Hamiltonian is decomposedHas- F + G. used is too large can be identified by comparing a calcu-
F andG do not commute but the second order Suzuki- lation to another using a smal. If the differences are
Trotter expansion[40] can be used to write the evolution large then a smalledt must be chosen. In practice it is

operator as the truncation of the MPR that produces the largest er-
Ha P . ror. This is equal to the weight of the neglected Schmidt
et =g % eI Lo (3t%).  (8) coefficients[30]. An indicator of the size of this error is

the ratio of the largest and smallest untruncated Schmidt
coefficients of a typical bipartite splitting, i.é.)[(kk] /)\[1"].

As truncation is performed at each time-step, this error
accumulates with each time-step. So at large titiibis
error can become large. See [36] for a detailed analysis
of the errors when studying spin chains.

The terms inF and G commute, because they do not
contain operators that act on the same site. Thus
g 3iFdt _ overn e 3H3t gnd giGdt — I—loddie—iHth.
Each eH" is a one-site or two-site nearest-neighbour
operator. So the evolution ¢fp) for a time ét is ap-
proximately performed by the repeated application of
one-site and two-site nearest-neighbour operators. As
stated above, these operations can be performed effi-
ciently while also keeping the description of the state
efficient. Consequently, this is also true of its time evo-
lution.

Another property of the Suzuki-Trotter expansion is

Ill. STOCHASTIC LATTICE SYSTEMS

In this section, | introduce a class of stochastic clas-
sical 1D lattice systems that can be simulated by the
TEBD algorithm. Their states are represented by a prob-

that it approximates the unitary evolution operator by a 2Pility vector|[P(t)), which is defined mathematically
to be similar to| @), the state of the quantum systems

product of unitary operators. Unitary operators preserve i )
the norm of a state and so time evolution in the TEBD N the previous section. It follows thaP(t)) can be

algorithm conserves the norm, up to truncation effects. described efficiently by an MPR in the same way as
|W). | also show that P(t)) evolves according to a

Schrodinger-like equation. So the previous results for
efficient time evolution of @) apply to| P(t)). This ab-
stract formulism is then made concrete by showing how
it describes the TASEP.

C. Calculation of expectation values

A strength of the TEBD algorithm is the ease
with which expectation values may be calculated.

The expectation value of a general product operator , L )
0202 g, o0M is A. The stochastic Schiddinger equation

(P Ol edldg .. oOM | W) The classical systems consistMfsites in a 1D lat-
_ A2 AM tice and each site may be in onedbtonfigurations. Let
(L] OTOF..0T R, ©) each configuration of a site correspond to one ofdhe

where the second line follows from the first by inserting ocal basis statels). Thed" possible configurations of

the MPR Eq. (5). The observable matrices are given by the whole system correspond to the product statgs
as defined for the quantum systems. The state of the

ofl = S Z (| Oty Al ATl (10)  classical system is represented by the probability vector

T T
| Pt) =S P(Ty|T). (11)

(L] = (L|® (L| and |R+) = |IR) ® |R). The ® is T

a tensor product[38]. From Eq. (10), calculation of The coefficienP (1,t) is the probability that the system
the observable matrices has a computational cost ofis in configuration t). This interpretation differs from

o (Md?xg). Multiplication of these matrices according the quantum case, whejg|? is the probability of a par-

to Eq. (9) requires a further (Mx$) operations. Hence ticle being in statdT) after measurement. In quantum
calculation of expectation values is efficient. | will dis- mechanics Eq. (11) would correspond to the system be-
cuss which operators correspond to important expecta-ing in a superposition of configurations. However, the

tion values when | talk about the classical systems. classical system may only be in one configuration, the
probability of which is given by the coefficien®T,t).
D. Errorsinthe TEBD algorithm Equivalently, in the language of quantum mechanics,

the classical state is a mixed state, rather than a pure
A useful property of the TEBD algorithm is that the state[38]. It follows that the normalisation P (t)) is
size of its errors are known. The error resulting from the different from the quantum case. The classical normali-
second order Suzuki-Trotter expansioroi¢dt®). The ~ sationis
size of this error is determined entirely Blyand so it is
) : TPt)=SP(1,t) =1 12
required thadt is small. Whether or not the value of Z< PO) Z (T,Y) (12)
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Additionally it is required thatP(t)) be non-negative, either be occupied by a particle or empty. Accordingly,
as its entries are probabilities. T; = {0,1}, where 0 corresponds to an empty site and
The system evolves stochastically with the rate 1 correspondsto an occupied site. The processes of the
w(T — T') governing the transition from configuration TASEP are described in Fig. 1. First consider the in-
T to T. The transitions are Poisson processes, i.e. injection of particles into site 1. As this process depends

a timedt the probability of a transition from to T’ is only on the configuration of that site, the other sites can
w(T — T')dt. So, overall the system evolves according be ignored. The process of injection corresponds to the
to the master equation[8] transition rate
P _
0 g:;t) _ ; (P(T/,t)W(T/ _ .l.) W(OH 1) =dq. (18)
T#T

P, HW(T — T,)). (13) By Eg. (;Ga). the non-zero off-diagonal element of its
Hamiltonian is

The first term on the right-hand side of Eq. (13) gives

the rate of transitions into configurati@rwhile the sec- (1[HL|0) =a. (19)

ond term gives the rate out af The master equation

Eqg. (13) may be rewritten in the form of a Schrodinger

equation[9, 11]

The diagonal elements are found explicitly from
Eqg. (16b) or simply by requiring the columns to add to
zero. This gives the Hamiltonian for this process as

0
—|P(t))=H|P(t)). 14 _
5 |P() =H[P(®) (14) HL:(O(O(g)’ 0
To show this, multiply Eq. (14) from the left b{r | and !
use the resolution of the identity to obtain in the basig|0),|1)}. The subscript 1 indicates that the
P (Tt matrix acts on site 1. The Hamiltonian for the ejection
(T.Y) — ; (T|H|T)P(T',1)) of particles from the last site is similarly obtained and is
ot 7 given by
+(T|H|T)P(T,1). (15)
0B
. - : Hr = . (21)
Comparing the coefficients ¢f(1,t) in Egs. (13) and 0 -B/u
(15) one can see that the master equation is equivalent _ ) . .
to the Schrodinger equation providelds defined by The hopping process between siteand i + 1 in-
volves two sites and is represented by a two-site
TH|T)=w(t'—1) for T#£T, (16a) nearest-neighbour Hamiltonian. The hopping
AHID=-S wIT—T). (16b) rate is w(1,0—0,1) = p. This gives the non-
TZT zero off-diagonal element(0|(1|Hy|1)|0) = p.

Thus the hopping process Hamiltonian in the basis
This “stochastic HamiltonianH is not hermitian asin  £10)|0Y,|0)|1),[1)|0),|1)|1)} is

the quantum case, but following directly from Eqgs. (16)

it must satisfy 0

0

S (T[H|T) =0, (17) Hui= 10 0 ' (22)
0

T

O O oo
O O oo

o

i.e. the columns oH add up to zero. This property H
can be regarded as a requirement for the conservatiorAdded together, the total Hamiltonian for the TASEP is
of probability, as it is equivalent to the statement that
the rates leaving a configuration are equal to the sum
of the rates entering other configurations from that con-
figuration. In Sec. IVA, | show that it ensures that the
normalisation of the state Eq. (12) is conserved in time. The Hamiltonians for each process may be added in
this way because adding Hamiltonians is equivalent to
B. Construction of the Hamiltonian adding the transition rates of different processes. It is
easily demonstratable that the addition of two matrices

| now show how the stochastic Hamiltonian for any satisfying Eq. (17) also satisfies this condition. Hamil-
model can be constructed using Egs. (16), using the tonians for more complicated models can be constructed

TASEP as an example[21]. In the TASEP each site may I" the same way and those used in this report are given
in Appendix B.

M-1
H =H_+Hr+ ZlHHi- (23)
i=



IV. ADAPTING THE TEBD B. Classical expectation values

Due to the mathematical similarity of the quantum The calculation of expectation values in the classical
and classical systems, the TEBD algorithm can be di- case is different from that in the quantum case and re-
rectly applied to simulate the classical systems by re- quires fewer computations. The expectation value of a
placing|y) with |P(t)) and—iH with H. The TEBD general product operator in the classical case is
code was adapted in this way prior to this project by A1) - A2 A(M]

S. R. Clark and D. Jaksch. They also provided code 2 (107 ©0%@... OM[P(t))

to calculate simple classical expectation values, to be : A2 AM

described in Sec. IV B. During the project | extended = (L|OPO=...0™[R), @7)

this code to calculate more complicated expectation nhere

values and modified it to study effects such as self-

organisation. | also found some differences between the oll = X Ol |ty Aliln, (28)
application of the algorithm to classical and quantum U

syste.ms and s.ome_ result's that _must be reglerived. The)tomparing this with Eq. (10) and using the same logic
are discussed in this section. With these aside, the meth-aS Sec. IIC, the calculation of expectation values in the

ods and results of Sec. Il apply equally for the classical ;|5ssical case is also efficient and fewer operations are
systems. required due to the lack of a tensor product in Eq. (28).
Appendix A discusses which operators are used to
A. Classical time evolution generate the physically useful expectation values, such
as particle density and flux.

In Sec. lIB, | observed that the Suzuki-Trotter ex-
pansion preserves the normalisation of a quantum state.
I have rederived this for the classical case, for which the
Hamiltonian is not hermitian and evolution is not uni- In Sec. A, an interpretation of the Schmidt co-
tary. Both the norm and non-negativity of a probability cfficients and vectors of an SD of a quantum sys-
vector are conserved when operated on by a stochastem’ was given in terms of two subsystems and
tic matrix (SM). An SM is a square matrix with non-  yhejr entanglement entropy. However, | have not

negative entries and columns adding to unity. found a similar interpretation for the SD of a clas-
Multiplying the conservation of probability Eq. (17)  gjcg) system. An SD on a classical system gives

/! H / I
by P(t') and summing ovet’ gives P(t)) = Zi/(::lxgj‘ :t...k]> ‘([{/IE+1...M]>. However, the

Z<T|H |P(t)) =0. (24) Schmidt vectors in general have negative coefficients
T and so cannot be interpreted as marginal probability

C. The classical Schmidt decomposition

vectors of their respective subsystems. This contrasts
with the quantum SD, where they are basis states of their
respective subsystems. Also, the Schmidt coefficients
Z (T|cH+1|P(t)) =1, (25) do_ not have a simple interpretation 'in terms of'corre-
T lations (entanglement). Quantum unitary operations on
| W) preserve the orthonormality of the Schmidt vectors,
while classical operations grP(t)) by an SM do not.

As a result, a measure of correlations in terms of the
Schmidt coefficients Eq. (3) does not exist for classical
states. It remains a problem for future work to find, if
B jim ( H6t>” possible, an interpretation of the SD for classical sys-

Adding a multiple of this to the normalisation condition
Eqg. (12) gives

wherec is a constant. SoH + 1 has columns adding to
unity, and is an SM if all elements are positive. Using
a well known expansion, the evolution operator may be
written as

I+ n (26) tems. The absence of this does not effect the accuracy
or efficiency of the algorithm, as the mathematical for-

The bracketed term has positive entries in the limit mulism behind it is independent of any interpretation.

n — oo, assuming finite entries (no instantaneous pro-

CeSSGS), and sois an SM. The mUltipliC&tiOl’] of two SMs V. NUMERICAL DEMONSTRATIONS

must also have the properties of an SM. Tht® & an

SM. It also follows from this that the Suzuki-Trotter ex- Having shown that in principle the TEBD can be

pansion replaces one SM by a product of many. Hence;seq to simulate classical stochastic systems, | now

I'have shown that normalisation (and additionally non- gemenstrate how successful this is in practice by apply-
negativity) is conserved in the classical case as well aSing it to traffic models. First | show that the TEBD can
the quantum case, up to truncation effects.

n—oo



10— 107" 0.3

e Q)

y~.0~ "

10 g

K[YI()} |C[-I’ J % ‘X_‘
3 %
714§A 1 1 L 1 1 1 1 L i _9 1 1 1 1 1 1 1 1 : “
10 1 20 10 1 10 0 1

Y10 i — J| p

FIG. 2: The TASEP. (a) An example of the Schmidt coeﬁicie’({l}g for a splitting through the middle of the system.
The decay is roughly exponential over 10 orders of magnjtadggesting small truncation errors. Parameters used
werea = 0.75,3 = 0.5. (b) Correlation functions in the TASEP decay exponelytialggesting good approximation
by a truncated MPR. Numerical results (blue) match anaytiesults (red) to about 6. The(a,B) used, from top

to bottom, werg0.25,1.25), (0.5,1), (0.75,0.5) and(1.25,1). (c) The fundamental diagram of the TASEP. See text
for units. The dotted line corresponds to the analyticalltes the limit thatM — oo, Differences from the numerical
results (crosses) are entirely due to the finite lattice sgal, not inaccuracies in the algorithm. Steady-statds too
about 40 mins to calculate, witid = 20 andxe = 20. A workstation with a 3GHz processor and 1GB of RAM was
used for all calculations.

be used to calculate steady-states. The results are comexpressions derived in Appendix C, | have calculated
pared to exact analytical results for the TASEP and then correlation functions for a few typical and. Fig. 2b
more complicated models are solved, for which there shows that the correlation functions do indeed decay ex-
are no analytical solutions. | then show that the TEBD ponentially. This suggests that these systems are well
can be used to simulate time evolution. approximated by a truncated MPR. In Fig. 2b, | have
| derived operators to extract quantities, such as den-also plotted the correlation functions calculated by the
sity and flux, from the simulations. These are discussed TEBD simulations. The agreement is excellent, with
in Appendix A. All models, except for the TASEP, were differences only becoming visible below 10
constructed by me and details of their Hamiltonians are The TASEP can be interpreted in terms of traffic
given in Appendix B. flow. It represents a simple model of a segment of a sin-
gle carriageway, whose interaction with the rest of the
road is through the injection and ejection rates of cars
(particles) at the boundaries,and3. Each lattice site
1. The TASEP is a point on the road which may or may not be occu-
pied by a car. The distance between each siteddm,

Starting from a random configuration | evolved the Which is the typical distance a car takes up on the road.
TASEP in time, using the TEBD algorithm. The The average speed of a car 25ms* in an otherwise
Schmidt coefficients’ variations with time decreased as €mpty road iscp and thusp = v/x~ 5s1. For my nu-

a steady-state was approached. When the variation demerical calculations | sgt = 1 and so transition rates,
creased below a certain value the simulation ended and€-g. & andp, have units//x and time has unitg/v. |

a steady-state was considered to be reached. As disWill write quantities as dimensionless, but their values
cussed in Sec. Il A, the accuracy of the algorithm is de- in terms of typical distances and times can be found this
pendent on the quick decay of the Schmidt coefficients. Way.

Fig. 2a shows their typical decay for the TASEP. The 10 Itis useful to know how the flud (cars per unit time)
orders of magnitude difference between the first and lastthrough a road depends on the dengiticars per site).
Schmidt coefficient justifies the truncation x@ = 20 This is usually represented in a flux-density diagram,
and implies a negligible truncation error. often referred to as the fundamental diagram (FD)[6],

A natural feature of states represented by a truncatedwhich is shown for the TASEP in Fig. 2c. Each cross
MPR is the exponential decay of the correlation function corresponds to steady-state valued ahdp, for a par-

Gij = (uTj) — (1) (1) with increasing|i — j|[24, 41]. ticulara andp, and the distribution of crosses gives the
This function represents the extent to which the densi- steady-state dependencelainp. The TASEP FD cap-
ties at different sites are correlated. Using the analltica tures the basic properties of the FDs of real roads: for

A. Steady-state



smallp cars do not interact with each other and so their o p1 B1
speeds do not depend pnhencel is proportional t. ° o ° ® o
As p increases, interactions decrease the speedsofcars, _~~— |~ | T A
) c1 2| p2 B> I b
andJ reaches a maximum. It then reduces to zero as
the road becomes increasingly jammed. The valuesof © — — — @ _ @ —_ _ %9
J andp calculated by the TEBD algorithm matched an- (a) (b)
alytical results very well, with relative errors less than ()7 — — .
1076 and 10° respectively. Using the conversions of (©)
the previous paragraphandp have the units cang/x - gqa" ‘3’%
and cargx respectively. B e
r K A:‘a‘tx xx"s o
R x Xt
2. Two lanes i {w’s& XK x o x XX g’"fé‘
J .':.S«x *x o ox o x ox x x*¥ x»t‘:“

Next the TEBD algorithm was used to find the I ‘} X xox X o
steady-states of an extension of the TASEP to two lanes. £l . 3
Figs. 3a and 3b show the processes that take place in this
model. Lane one and lane two have different injection | 5 =
rates €1, anday), ejection ratesf{; andp,) and hopping s "‘—_
rates p; andp,), usually with lane one as the slow lane. 3 k

Standard lane changing occurs from lane one to the cor- 0 P
responding site in lane two with rate and in the oppo-

site direction with rate,. Another, more intelligentlane  FiG. 3: The two lane model. (a) The processes and rates
changing process gives particles additional réf@d  of the model with standard lane changing (refer to text).
|2 to change lane if the downstream neighbouring site is () Additional intelligent lane changing processes. (c)
occupied but the other lane is empty, i.e. a particle will The FD diagram. See text for units. The figure shows
only change lanes if there is an advantage to being inthat for the same density, the model with lane changing
the other lane. The implementation of this model with (red circles) has a greater flux than the model without
the formalism of Sec. Il is described in Appendix B1, (plue crosses).J and p now correspond to the com-
including the transition rates and Hamiltonians for each pined flux and density in both lanes. The dotted lines
process. The interpretation of this model in terms of are drawn to guide the eyesM = 20, p; = 0.7 and
traffic is similar to that for the TASEP, but generalised P = 1 were used a|ong with a range of injection and
to two lanes.p; is set to unity for calculations, sq'v,  ejection rates between 0 and 2. Lane changing rates,
v/x, carsv/x and cargx become the respective units for \hen non-zero, were, = ¢, = 0.2, 1, = 0.8 andl, = 0.
time, rates,J andp, wherev is now the average speed in  Cajculations took roughly 10 hours.
lane two if there were no other cars.

| investigated how lane changing effects the flux
passing through a road. Fig. 3c shows the FD dia-

gram for the two lane model, with and without lane gyertake species 1. The formalism behind this model
changing. | found that lane changing increases the flux g given in Appendix B 2. This can be interpreted as a
for a given density beyond that of two non-interacting simple model of lorries and cars on a single carriage-
lanes. This agrees with everyday experience at low den-Way where lorries move slower than cars and cars may
sities, but not for high densities where the model fails qyertake lorries[43]. For calculationp; was set to 1,

to take into account the disruption of lane changing making the units of time, rates, flux of calsand den-
manoeuvres[42]. sity of carsp. equal tox/v, v/x, carsv/x and cargx

respectively, wherg is the average speed of cars on an
3. Two species otherwise empty road.

| studied the effect of lorries on the FD of cars. The
| also extended the TASEP to two species of parti- flux-density relationship for cars is shown in Fig. 4b
cles, one of which may overtake the other. The model’s for different lorry speeds,. The lorries have the ef-
processes are shown in Fig. 4a. Each spedcied, 2 fect of reducing the flux of cars for all car densities as
has its own injection, ejection and hopping rates; well as shifting the peak of the curve to a lower den-
and p;. Additionally a particle of species 1 may also sity. The effect becomes extremely large for low lorry
swap with (overtake) a particle of species 2 with a rate speeds, despite overtaking rates increasing as the lorries
ps, if they are in neighbouring sites. Species 2 may not are slowed. This occurs because the density of lorries
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oy P1 D2 D3 B for simplicity the hopping ratg is the same for all lat-
@ o ° o o mE m tice sites. The Hamiltonian for this model is given in
________ Appendix B 3.
| investigated how the TEBD algorithm could be
(b) RPN saies TR used to optimise the settings of traffic lights. With the
| n?'ﬁ‘o-%”..,q - | usual interpretation and units, | spt= 1. The traffic
R 0, e lights control the merge from two lanes to one, with a
o N I cycle periodyc. The cycles consist of alternate periods
RN of Iy = 1, I, = 0 (green for lane one) for a tintg and
Jo T ,'}’ 0% "g T I, =0,1, =1 (green for lane two) for a timg. Between
AN each of these periods is a dead-time where both rates are
% zero (red for both) for a tim&. For fixed asymmetric
o injection rates; anda,, and ejection rat@, the cycle
K periodt.,. and dead-timés were set, leaving the ratio
t,/t1 as the only variable. | simulated the time evolution
LT of the model over several cycles for a rangé&¢f;. The
average outgoing flux over a cyclg for each ratio was
evaluated, and the ratio that maximises this was found.

FIG. 4: The two species TASEP. (a) The processes and This is shown in Fig. 5b. The difference between a well
rates of this model. Although not shown here the rates @nd & badly optimised ratio is shown in Figs. 5¢ and 5d.
a, and B; are included (refer to text). (b) The FD From these figures it can be seen that the traffic light
for cars, in the presence of lorries. See text for units. Settings that optimise flux are those which keep the flux
Flux-density values for cars are plotted for lorry speeds In €ach time period roughly the same. The optimising
p, = 1 (red circles) andp, = 0.1 (green diamonds).  ratio of light timest,/t; = 0.27 is larger than the ratios
Boundary parameters used werg= 0.1, p; = 1 and  ©f the injection ratesi,/ay = 0.1. This seems to be a
B, = 2. Overtaking was set g% = (p; — p2)/3. These ggneral featL_Jre qf thg mpdel._ An analytical approach to
flux-density values are compared with the absence ofthis kind of situation is given in [7].

lorries (blue crosses) whan, = 0, which is equivalent

to the TASEP. The dotted lines are drawn to guide the
eyes. Steady-states were calculategtish forM = 20
andxe = 20.

0.3

Pec

C. Accuracy

The errors of the TEBD calculations can be easily
determined. For the TASEP, two lane, two species and
traffic light models the values of. used were 20, 30,
increases as their speed is reduced (for fixed injection20 and 50 respectively. The non-truncated Schmidt co-
ratio). This causes cars to slow down, because their hop-efficients for a typical splitting decayed by 10, 7, 6 and
ping is hindered. For the same reason, jamming occurs7 orders of magnitude respectively. Additionally, over
at lower car densities and the FD is compressed towardsthe whole time period that the traffic light model was
low densities. Promisingly, the shape of the FD with the run, the total weight of the discarded Schmidt coeffi-
presence of another species is much more similar to thatcients was typically of the order of 1. So errors due
of real roads[6], suggesting that only a few species of to truncation were minimal, if not negligible; the sys-
vehicle may be needed to produce realistic flux-density tems could be accurately described by a kw Cal-
relationships. culations used a time-sté)p = 1072, | tested the mag-
nitude of the error resulting from the Suzuki-Trotter ex-
B. Time evolution pansion Eq. (8) for each model by repeating calculations
with smallerdt. The differences between the two calcu-
Finally, 1 demonstrated that the TEBD algorithm lations for all models were negligible. This implies that
could simulate the time evolution of a classical system. & = 10~2 is small enough for a good approximation.
| did this for a model in which two independent lanes Several other models were investigated, but are not
merge into a single lane, shown in Fig. 5a. Hopping included here. It was found that the TEBD algorithm
from lanes one and two into the single lane is governed could also accurately simulate the steady-state or time
by the time dependent ratégt) andl,(t) respectively. evolution of these models, for reasonably Igw This
Injection into lane one and two occurs at ratesand substantiates the main claim of this report. that the
05, and ejection out of the single lane occurs at a rate TEBD algorithm is able to efficiently simulate a range
. Lane changing does not occur before the merge, andof classical systems. These other models included two
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FIG. 5: The traffic light model. (a) Rates and processes (refer t).téx) The average flux out of the system over a
cycle Jyyc, calculated for several simulations with a range of ratig. The maximising ratio is found to be 0.27.
Rates were fixed as; = 1, a; = 0.1 andf3 = 1, with t3 = 4 andt,. = 38 (corresponding to about 30 seconds for
typical urban traffic speeds). See text for units. (c) A bagfitimised ratid; /t, = 1, where the flux in the peridg is
noticeably smaller and thus less efficient. (d) A well opsied ratiat; /t, = 0.3, where the flux in botky andt, time
periods are approximately even. A typical simulation oughttraffic light cycles took about 15 hours.

lanes with on and off ramps, temporary blockages of the nearest-neighbour operations, by bringing lattice sites
TASEP and self-organisation by matching the boundary together using swap gates (operations that swap the con-

rates and densities at each time-step. . . . .
P figuration of two sites). The effect of the non-local inter-

actions would be to increase the non-local correlations.
As aresultitis likely a greate{e and computation time
would be needed for accurate simulation. However,

~ ' have applied the TEBD algorithm to successfully his would make the models more physical and possibly
simulate classical systems, including time evolution o544 to more realistic results. Another limitation was

away from steady-state. In particular, | have demon- yq restriction of 1D finite lattices. Since the TEBD
strated that simple traffic models can be simulated ef- algorithm was initially proposed in 2003 it has been

ficiently and accurately, with small computation times, gytended and successfully applied to other geometries:
and investigated some simple applications of these mod-yee _jike structures[46], translationally invariant ife

els. This means that the TEBD algorithm is & promis- 1 p jattices[47], and infinite tree-like structures[48].€Th
ing candidate for studying the dynamics of a wide range ree_jike structure naturally suits many systems, includ-
of classical systems: vehicular traffic[6, 7, 15], biolog- ing traffic, queuing and communication networks, and

ical transport[16-19], queuing[44] and communication g4’} propose that these extensions also be adapted to
networks[45]. It surpasses previous methods which are g iate such classical systems.

applicable to steady-states only.
The models used in this report were limited, for

VI. CONCLUSIONS AND FURTHER WORK

example only one-site and two-site nearest-neighbour Acknowledgments
Hamiltonians have been considered. Lifting this restric-
tion to short range interactions would enable more com- | would like to give huge thanks to both Stephen

plicated phenomena to be described, such as cars tha€Clark and my supervisor Dieter Jaksch. They taught me
accelerate or decelerate depending on the configuratiora great deal about this topic and research in general. |
of the road a few sites ahead of them. The required longapologise that | was not able to devise a way for them to
distance interactions may be performed using two-site shorten their commute to work.
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= 0O 1 3 1 3 2 1) FIG. 7: In the two-species model there are only three
possible configurations for each site: empty, occupied
FIG. 6: Four possible configurations for each site are re- by species 1 or occupied by species 2.
quired for the two-lane model, corresponding to a site
that is empty, has lane one occupied, has lane two occu-
pied or has both lanes occupied.

Transitions Rates  Transitions Rates
10) —[1) o 1) —10) Bi
10) —2) 0 12) — 10) B>
Transitions Rates  Transitions Rates (a) Particle injection (b) Particle ejection
[0) —|1) o 1) —10) B
12) —[3) o 13) —12) Bi Transitions Rates
10) — 12) 0 12) —10) B>
1) —3) o 13) — [ 1) B> [ 1)[0) = [0)[1)  p
12)[0) = 10)[2)  p2
(a) Particle injection (b) Particle ejection [1)]2) —=12)[1)  p3
(c) Hopping
Transitions Rates  Transitions Rates
1) — [2) c1 (D) —[2)[1)  § . - .
12) = [1) ¢ 12)]2) — | 1)]2) L TABLE II: Transition rates for the two species model.
(c) Unintelligent (d) Intelligent
lane changing lane changing Transitions Rates
— [1)]0) = [0)[1)  4L(r)
Transitions Rates 13)]0) — |2)|1) L(t)
D10 =101 p 12)[0) = [0)[1) ()
D2 =103 p 3)[0) = )[1) b
13)10) = 2)[1)  p
13)12) = [2)[3) B |
[2)]0) —|0)|2) P TABLE III: The transitions and rates for the traffic light
12)[1) = [0)[3) P2 merge site.
13)[0) = 1)[2)  p2
13)[1) = 1D[3)  p

flux. 1 will not provide all of the generating operators
used for the models in this report, but they are simple
extensions of the ones presented here.

As an example | will give the operators correspond-
ing to density and flux in the TASEP. In this modé)
and|1) correspond to an empty and occupied site re-
spectively. The operator to extract the density atisie
simply

—~
o
~
an
]
=]
o
=
=
oQ

TABLE I: Transition rates for the two lane model.

Appendix A: Expectation values Ol = diag(0,1);, (A1)

Sec. IVB outlined how general expectation inthe basig|0),|1)}. diaga,b) simply means a diag-
values could be calculated from some operators onal matrix with diagonal entriegandb. By inserting
Ol 0@ ... 0M. Here | discuss which operators this into the top line of Eq. (27), with all other opera-
correspond to physical quantities, such as density andtors the identity operator, one can show this is equal to
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P(ti = 1,t) = (1;), as desired. The angled brackets im- and ejection from sit& by
ply that the expectation value is taken. For the flux at
sitei one wishes to calculate the probability that $iie

: > e 0 0
occupied and site+ 1 is empty. The operator to extract 0 Bé %2 B
this is H2" = ! 2 . (B2
0 0 —B B1
0 0 0 —(BtB2)/y

Ol @ Y = diag(0,1); @ diag(1,0)i11,  (A2)

which inserted into the top line of Eq. (27) gives the Tne unintelligent lane changing at sités represented
expectation valu®(ti = 1,1;.1 = 0,t) = (T;(1 —Tj;1)). by

The flux is this value multiplied by. In a similar way,

densities and fluxes of the more complicated models can

be calculated from simple generating operators. 00 00

0 -c ¢ O
0 cg 0 ’
0O 0 0O

HE" = (B3)

Appendix B: Hamiltonians
i
Here | present the Hamiltonians for the models fo-

cused on in the report: the two lanes, two species angand the Hamiltonian for the intelligent lane changing at
traffic lights models. sitei, H3™", is given by

1. Two lanes

| constructed the two lane extension to the TASEP
by allowing each site to be in one of four possible con-
figurations. | let|t;) = {|0),|1),|2),|3)} correspond
to a site that is empty, occupied only in lane one, occu-
pied only in lane two and occupied in both lanes. This is
shown in Fig. 6. All figures and tables in this Appendix
have been placed on page 13 for ease of reading the text,

The processes for this model are described in Sec-
tion VA2 and shown in Figs. 3a and 3b. These pro-
cesses correspond to rates between configurations giver
in Table I. As outlined in Section Il B these rates maybe
transformed into Hamiltonians, which | present here.
Injection into the first site is represented by the Hamil-
tonian

OO OoOoOo
OO OoOoOoOo

o
o
coocoocooPococoocoocooo

—_ |
OO0OO0OO0OO0OOF OO0 FT0O0O0O0O
© ococo
© ococo

leReReReReR=R=ReReReReReReReReXe)
e ReReReReR=R=ReReReReReReReR=X=)
e ReReReReR=R=ReReReReReReReReX=)
e ReReReR=ReR=ReReReReReReReReXe)
e ReReReR=R=R=ReReReReReReReReX=)
cocooococoPocoocoCococoocoo

OO OO Ooo
OO OOOoo

—((Xl—i-(Xz) 0 0 O
(0] —0> 0O O
(00)) 0 —01 0 ’
0 (08} (o] 0

The Hamiltonian responsible for hopping betweenisite

HZ" = (B1) andi+1is

1
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0000 O 0O OOO O0O0O 0 0O O \)
0000p, OOO O O OO 0 0O 0 O
0000 O O O Op, 0O OO 0 0O 0 O
0000 O Opr O O p20O 0 0O 0 O
0000-pp0 O O O O OO 0 0O 0 O
0000 O O OOO 0 O0O 0 0 0 d
0000 O 0-ppO O O OO p2 0O 0 O
H2n _ 0000 O O OOO O0O0O 0 p. 0 O (B5)
Hi 0000 O 0O O O-p, O OO 0 0O 0 O
0000 O O O O O -p00O p1 0O 0 O
0000 O O OOO O0O0O 0 0 0
0000 O 0O OOO O0O0O 0 O pp O
0000 O O O OO O OO0O(p1+p2) O 0 O
0000 O O OOO O0O0O 0O -p. 0 O
0000 O O OOO O0O0O 0 0-p O
0000 O O OOO O0O0O 0 0 O ’d)i,i+l
|
It follows that the total Hamiltonian for the two lane for the ejection of particles from sitd and
model is 000 0 0 0 000
000 pp OO O OO
M M-1
HZLn:HELn+HF2eLn+IZH(%ITn+ IZ (HZ" 4 HZD) 8 8 8 —(;))1 (? : pé %%
(B6) HP~| 000 0 0 0 0 OO |,
000 O O-p3 O OO
000 O 0 0 —pp0O
000 O Ops O OO
_ 000 0 0 0 0 00,
2. Two species ' (B9)

describes the hopping from siteincluding overtaking.
The two species TASEP was constructed by al- The total Hamiltonian is

lowing three possible configurations at each site, i.e. M—1
It} = {|0),]1),]|2)}. I let these correspond to a site HZSP= HEPHHR P+ S HEP (B10)
that is empty, occupied by a particle of species 1 or oc- !
cupied by a site of species 2. Note that a site may not
be occupied by two particles. A possible configuration
is shown in Fig. 7. The processes for this model are
described in Section V A 3. The rates corresponding to
these processes are shown in Table .

From this the Hamiltonians describing each process
are

3. Traffic lights

Sec. 11 B described the traffic light model, and its
processes are shown in Fig. 5. To describe this, the same
configurations as the two lane model were used with the
1st lane in the right hand half of the two lane model cor-
responding to the single lane in the traffic light model.

—(al+ay) 00 The Hamiltonians for injection into the system are just
) -
1

HZSp:

N (o} 00 the same as for the two lane model. The hopping either

o> 00 side of the merge site is just the same as for the two lane
model withp; = p, = p and the lane changing rates are
set to zero. The ejection is the same, W3th= 3. The
value of p, on the right hand side of the merge site and
[, could be set to anything because cars will not be al-

0 B B lowed to enter that lane after the merge site.
He = ( ) : (B8)

M

for the injection of particles into the first site,

0-B O The difference between the traffic light model and
0 0 —B the two lane model is that a new Hamiltonian term is
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required to describe the processes at the merge site. Letonfigurations of sitek andk+ 1 that correspond to the
the sitek correspond to the last site of the two indepen- lane merge processes. Using Egs. (16) this results in the
dent lanes and sitk+ 1 correspond to the first site of Hamiltonian

the single lane. Table Il shows the rates between the

0000 O OO0 O 00O 0 00
0000 Ii(t) 00O It) 00O 0 000
0000 O OO0 O 00O 0 00¢d
0000 O OO0 O 00O 0 00¢d
0000-I4(tt)0OO O 00O 0 000
0000 O OO0 O 00O [2(t) 000
0000 O OO0 O 00O 0 00d¢d
0000 O OO0 O 00O 0 00¢d
Merge __
H | 0000 O 00O0-Ixt)0O0O 0 000 (B11)
0000 O OO0 O 00O [1(t) 000
0000 O OO0 O 00O 0 004¢d
0000 O OO0 O 00O 0 00¢d
0000 O 000 O O0O0O-(lyt)y+Ix(t)) 00O
0000 O OO0 O 00O 0 00d¢d
0000 O OO0 O 00O 0 00 B
0000 O OO0 O 00O 0 009,
|
The Hamiltonian for the whole model is for the steady state the ansatz is satisfied provided the
- following quadratic algebra is satisfied:
Lights __ 1gy2Ln 2Ln 2Ln
HPE=H 4 He +HMefge+H kH - (B12) DE =D +E, (C3a)
DIR) = 5IR). (C3b)
1
Appendix C: Solving the TASEP using an MPR (LIE= o (L|. (C3c)

| calculated the analytical results shown in Sec. V Several possible representationsibfE, |R) and (L |
from expressions derived by Derrigaal. in [21]. The were found that satisfy Egs. (C3). For generand3
derivation uses the MPR of the TASEP, complementing these matrices and boundary vectors are infinite dimen-
the TEBD algorithm. Here | overview how the expres- sional.
sions were obtained. The matrix product ansatz for the ~ Knowing such a representation exists Derretal.

stationary state of the TASEP is calculated the densities and correlations using only the
guadratic algebra of Egs. (C3). Firstly, defining the
P(1,t) = 1 (LIA"A™. A™|R). (C1) useful matrixC = D +E the normalisation isMgiv_en by
Z Zy = (L|CM|R) as expandingc™ = (D+E)" gives

all of the possible configurations of the system. Using

The important simplification in this case, compared to Egs. (C3) and fixing the normalisation with |R) = 1,

Eq. (5), is that while the matriA™ depends on the con-

figuration of theith site, it does not depend aonin the they showed
TASEPT; can take only O or 1 and so one may write LIcM R i(2M — 1 i) (p/B)+L— (p/a)i+
LICY"|R) =
(M — _
AY =D+ (1-T)E. (C2) Z MH(M =)t P/B—p/a

(C4)
The particle density at sites just the sum of the prob-

N _ . . )
ThusA {D,E}, with D corresponding to an occu abilities of configurations with siteoccupied,

pied site andE to an empty site.
By substituting the ansatz foP (t)), Eq. (C1), into 1

N i~y M—i
the equatiorH |P(t)) = 0, Derridaet al. showed that (Tiom = Zn (LICTDCTIR), (C5)
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which again using only Egs. (C3) reduces to Lz M (k=1 (2M - 2j —k)!
POz 2, MM k)

ML @2 Z 2y ) v (c8)
W= 3 W

=

Z (M (j—1)(@2M—2i—j)! P j
2 ,; (M—i){(M—i—j+1)! <B> , (C6)

forl<i< j<M-—1. Aspecial case is the particle flux

1 . o
fori < M, and for the case= M p(Ti (1—Tiy1)) = Zu (L|IC'DECM Y R), (C9)

v
<TM>|\/| _ EZMfl‘ (C?) - p ZM ) (Clo)
B Zu

Similarly, two-point functions can be expressed in terms
of the densities,

where to get to the second line Eq. (C3a) has been used.

From this we see that the flux doesn’t depend on the

M—j—1 site in the steady state, as one would expect due to the
(2k)!  Zyk-1

(LTj)m = kZO Rkt D! 2y (Ti)M—k-1 conservation of particles.




